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Abstract

The aim of this work is to re-study the basic struc-
ture of the back-propagation learning algorithm. The
other objective is to provide a complete description of
this training algorithm with all the technical details.
The algorithm is applied to two different benchmark
problems and the network is analysed in various as-
pects. The experiments are mainly conducted to op-
timize the parameters of the system and to under-
stand the relation between the initial parameter set
and nature of the problem.

1 Introduction

Artificial Neural Networks (ANNs) has been stud-
ied thoroughly in numerous applications and in var-
ious problems since mid-80’s after the publication of
Learning internal representations by back-propagating
errors [1]. Although very important modifications
and optimizations have been done in the architecture
and in the training algorithms since the old back-
propagation (in short back-prop) days, it is worth to
re-analyze to understand the basics before going into
detailed analysis of complex ones.

Thus, the aim of this work is to re-study the ba-
sic structure of the back-prop algorithm. The other
objective of this study is to provide a complete de-
scription of this training algorithm with all the tech-
nical details. The algorithm is applied to two differ-
ent benchmark problems and the network is analysed
in various aspects. The experiments are mainly con-
ducted to optimize the parameters of the system and
to understand the relation between the initial param-
eter set and nature of the problem.

A standard full-interconnected Feed-Forward Neu-
ral Network (FFANN) is constructed with one input,
one hidden and one output layers. The details of the
network will be given in Section 2. First, a famous
benchmark problem, a constraint form of the par-
ity checking, XOR problem is used to train network
(Section 3). The nature of error reduction during
the learning process is examined and parameters are
adjusted to obtain a faster convergence rate in learn-
ing. Then, the same network is employed in a pat-
tern recognition problem with different hidden unit
numbers. In the problem, network is trained to dif-
ferentiate digits which are encoded in a 3x5 image
grid. Although in pattern recognition problems pre-
processing has a crucial importance to obtain good
results, since problem is a very basic one and dis-
crete in its nature, no special attention is given. You
can find the details of work in Section 4.

Back-propagation learning algorithm mainly con-
sists of two phases, one information flow in forward
direction and one flow in backward direction. In first
phase, activation of hidden units are propagated to
output units. Then, using activation values of output
units and desired values, the error is calculated. In
the second phase, this error is propagated in back-
ward direction, to modify weights connecting differ-
ent levels of units(neurons). In both problems, a set
of input-output patterns are given continuously, in
order to minimize the difference between target and
network output values by the means of modifying
connection weights. Input and output values can get
only values -1 or 1. The learning takes place incre-
mentally, which means weights are updated just after
each pattern’s presentation. You can find detailed
discussion on the algorithm in Section 2.
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Figure 1: A sample full-interconnected feed-forward
artificial neural network. In this network 3 input
units are connected to 2 hidden units, and these hid-
den units are connected to 3 output units. Input
pattern is given from input units and network gives
the result by the means of its output units.

2 Back Propagation Algorithm

In the back-prop algorithm, a set of input-output pat-
terns are given to the network (Figure 1). If there
is a difference between actual and desired outputs,
weights are updated in order to reduce error. The
generalized delta rule is used to obtain such a behav-
ior.

An activation value is computed for each hidden
unit. Activation value could be simply the sum of
weighted input values, but in order to scale the sum
within a range, different functions can be used. As a
squashing function, sigmoid is one alternative to ob-
tain a range [0,1]. However, because input-output
patterns are bi-polar, hyperbolic tangent function

will be used to obtain a feasible range ([—1, 1]). Thus,
activation function * is

1)

where p denotes the corresponding pattern and j is
the neuron whose output will be computed.

opj = tanh(net,;)

netp; = Z wjinetp; (2)
i

Synaptic weight from unit ¢ to unit j, wj; (Figure 1),
is multiplied by the output(activation) of each low
level connected units ¢ to obtain a net,;. Both hidden
and output unit activations are computed in the same
manner. The meaning of such a calculation is that
each low level activated neuron affects a higher level
neuron proportional to the synaptic weight, both in
inhibitory and excitatory sense.

Next step is to compute error using the difference
between target and actual output:
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In order to reduce error, we must follow the steep-
est path on the error-weight surface. To reach a
global minumum, or at least local minimum error
value, weight updates should be implemented such
that derivative of error with respect to each weight is
proportional to the weight change. If a constant, pu,
is defined as the learning rate, Aw is found using the
formula:

OFE
Apwji = p aw; 4)
Chain rule is applied to find the derivative of error:
OF, OFE, Onet,;
P _ P PJ (5)
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Second part of the above equation is derived using
Equation 2 such that,

2 = o (6)

1 Activation and output will be used in exactly same mean-
ing throughout the text.



From now on, we will call J,; as error signal:

0E,
Onety;

Opj = — (7)
Above calculations show us that, weight change is
directly affected by the error signal and activation of
the connected unit.

First part of Equation 5 is solved using chain rule:

0E, _ OE, oy
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For output units, using Equation 3

OFE

60;; = —(tpj — 0p;) ©)
For hidden units,
OE

P —_ Z kawkj (10)
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where k’s are the output units which gives their error
signals to hidden units. This equation shows us how
the lack of information in hidden units is solved. Be-
cause there is no target value for hidden activations,
error is propagated from output units proportional to
the synaptic weights.

Recall Equation 1, second term in the Equation 8
directly will be

Dopj _ 2
P = 1- 02 (11)
where o,; is the it" input value of the pattern if j*
unit is a hidden unit, or oy; is the activation of "
hidden unit if j%* unit is an output unit. Tt is the
result of the derivation property of hyperbolic tan-
gential function, Bt%g(m) =1 — tanh(z)?2.

In summary, error signal in output units is com-
puted using the formula,

2

Opj = (tpj — 0pj)(1 — Opz') (12)

and for hidden units,

Opi = (1= 00) > Sprwp; (13)
k

-1 -1 - -1
+1 41 = -1
-1 41 =+ +1
+1 -1 = 41

Table 1: XOR Problem, input-output pattern set

To remind, lets write Equation 4 again:

Apwji = pdpjopi (14)

The only missing point up to now is the bias
weights. Bias term for each neuron can be thought
as a connection from another neuron which is always
ON/1. As a result, there will be no difference from
other weights in the means of modification of self, ex-
cept there will be no error backpropagation through
this connection.

In the next sections, XOR problem and digit recog-
nition problem will be used as test cases for the de-
scribed network.

3 XOR Problem

Although XOR or in general parity problems are one
of the most famous benchmark problems in the his-
tory of neural networks, Fahlman proposed these type
of test cases were not suitable for "real-world pattern-
classification tasks”. He reached such a result be-
cause in pattern classification, similar data tend to be
grouped in the same output while in parity problems
most similar data inputs give different outputs. Since
the non-linear nature of the exclusive-or problem re-
quires a hidden layer in the network and number of
units is low, it is thought to be a good starting point.
Table 1 shows the input/output pattern set, which is
given to the network.

XOR problem deserves its fame to its well-known
non-linearity characteristic. Since a decision space
which is seperated linearly into two regions would be
insufficient to solve the problem, hidden layers are
used to obtain non-linearity. But how could the clas-
sification boundary compose of several regions? To
visualize such a surface, a network is trained using



Different Learning Rates
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Figure 2: Non-linear decision surface created by two
hidden neurons in the XOR problem.

back-prop algorithm in order to solve XOR problem.
Then, 1000 real valued input vectors are randomly
chosen in the range [—2,+2] and activation values
are found. Each input point is plotted onto a surface
according to its sign, Figure 2 shows the decision sur-
face for this particular problem.

As one of the main objectives of this work (Section
1) is to analyse parameters in the network and to
optimize speed and accuracy of the back-prop algo-
rithm by means of modifying these parameters, learn-
ing rate should be the first to be looked for. In three
different values, learning rate is examined and an op-
timum value is found for this problem. The value of
learning rate highly depends on the initial range of
synaptic weights. I will restrict myself to adjust one
range for weights and postpone the study of weight
optimization to another time. Weights are randomly
initiated at the begining of Neural Net construction
to the range [0,1]. Now let’s plot the error graph
with respect to epoch number (Figure 3) to exam-
ine characteristics of curves for each learning rate.
Here epoch number denotes the number of pattern
sets, which are presented to the network. The largest
one (0.25) drops the error instantly to 2.5, then er-
ror starts to oscillate in a rather big range. u is so
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Figure 3: Error back-propagation learning algorithm
is applied to learn XOR problem. Error signal and
error is implemented as real values to clearly show
the effect of different learning rates in the behavior
of error change. Learning rates are from above to
below 0.25, 0.005, 0.05

large to be able to move in small steps in the gre-
dient descent to find a global minimum. The lowest
learning rate (0.005) could reach a global minimum
after a very long period. It is a sample proof of the
famous theory, ”if there is a global minimum, you can
certainly reach to that point by moving downwards
with infinitely small steps”. The optimal value for
the learning rate seems to be 0.05 since it is very fast
and effective.

Above discussions say little about the accuracy of
the experiments since it deals with a continuous ac-
tivation and output. However in the problem con-
text, outputs are bi-polar so we should find a way to
map real results of activation functions to correspon-
sing discrete values. In order to measure the success
of the algorithm, a new error calculation should be
performed which will be only used for that purpose.
To change the error function would be a disastrous
attempt since all calculations takes their roots from
the original error function. The only alternative is to
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Figure 4: p = .10 , initial connection weight values
are in the range [0, 1]

map real values directly into -1 or 1:

0 ={

After adjusting the calculation of the error, tens of
experiments are done. In general, XOR problem con-
verges in 60-130 iterations, Figure 4 shows a typical
step graph of the error wrt. number of epochs. The
large oscilattions in the discrete surface is not absurd
since it is not directly resulted from a derivative cal-
culation but it is the sum of something we define as
error.

-1
+1

ifo<0
ifo>0

4 Pattern Recognition Prob-
lem

Pattern recognition problems deserve more than to
be mentioned as test cases of neural networks. Since
the beginning, tens of leading researchers of Neural
Networks, were attracted and trapped in this field
while they were studying in image processing. Cur-
rent, problem is a very restricted one, which looks for
if the error back-propagation learning algorithm has
the capability to train a feed-forward neural network
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Figure 5: Input Pattern Set

in the task of digit recognition. Inputs will be given
in the form of 3x5 binary grid and output is the
binary representation of digits. Figure 5 shows the
binary retina, which will be serialized as a vector to
be given into the network.

First experiment set addresses the usage of multi-
layer network, which consists of 15 input and 4 out-
put neurons. Except the hidden unit calculations,
all computations can be applied in the same manner
to input and output units and the synaptic weights
between them. There are two phases again, in first
phase, using input pattern activation of output units
are directly computed (Equation 1). Then the error
signal is extracted using Equation 12, and weights
are updated according to Equation 14. 100 itera-
tions in avarage was sufficient to train the network
with a learning rate of 0.2. Figure 6 shows a nice
error decreasing function which takes approximately
80 epochs to reach zero.

The next experiment set is performed using differ-
ent number of hidden units. Using 2 hidden units,
back-propagation algorithm cannot succeed in rec-
ognizing digits. First, different static learning rates
were given to the network, then rate is changed
throughout the training process. Additionally, I
played with the initial weight ranges, but no mod-
ification in the parameters changed the result. In the
first 60 iterations, error decreases 66%, then an oscil-
lating movement starts in the graph and goes on.

With 5 or 10 hidden units, to my surprise, network

is trained in very few iterations. In avarage, respec-
tively 20 and 40 iterations were enough to reach a
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Figure 6: Error vs Epoch Number. This graph is
taken from the training process of a multi-layer net-
work for digit recognition task

result . I tried to decrease hidden neuron number
to understand the limits of the internal representa-
tion capacity. Using 3 hidden units, approximately
200 iterations was sufficient to obtain good results.
However independent from the iteration number, I
concluded that it is impossible to solve the pattern
recognition problem using 2 hidden neurons and stan-
dard back-propagation learning algorithm. When the
hidden unit number is increased the the epoch num-
ber for the network to become stable will increase
too. It is worth to mention that the speed of the
training process not only depends on the iteration
number. The time spent to train network with only
one input-output pattern is another important crite-
rion which should be taken account. In the actual
problem, while the number of hidden units are in-
creasing at the same time, speed of the one training
epoch decreases non-linearly.

In real-world pattern recognition problems, noise
factor should be inserted into the problem like in all
other realistic tasks. We can discuss noise in this
problem context as bit shifts or bit flips. When only
one bit of the input is changed for each pattern, the
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Figure 7: Error vs Epoch Number. Neural Network
is trained by an input-output pattern set whose er-
ror line is on the above. Dotted line on the below
may be viewed as test data, whose error is decreased
indirectly by a similar pattern set

and if two bits changed for each input vector, the
gap between actual and desired largens to % for a
network with 5 hidden neurons. Figure 7 illustrates
the error change in a noisy data vector, while it is

trained by another input vector.
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