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Abstract

The objective of this project is the study ofShape
from Shading(SfS) problem in a variational framework.
Among the other shape recovery methods, SfS is em-
ployed to obtain three-dimensional shape using spatial
variations of brightness in an image. In this study, SfS
problem will be addressed as an energy minimization
problem. A constraint which establishes a connection
between intensity gradient space and solution surface is
imposed into the corresponding energy functional for the
first time in adirect energy minimizationscheme. A hy-
brid approach which combines the efficiency of determin-
istic methods and accuracy of stochastic methods is pro-
posed in a multiresolution domain for the solution of this
problem.

1 Introduction and Motivation

Human visual perception is based on two-dimensional im-
ages, which are used to recover the third-dimension. Dif-
ferent mechanisms, e.g. intensity and color information in
the image and stereoscopic disparity created by the usage
of two eyes are employed to accomplish this task. One
of the most primitive mechanisms which is used by our
visual system to extract shape information is probablythe
processing of shadinginformation. [5] suggests an expla-
nation for this argument by describing a principle of evo-
lution in some animal species.Countershading principle1

1Countershading is the protective coloration of the animal, where
body parts which are exposed to more light are darker colored. This
principle is valid in a wide range of animals from fishes to horses. For

is employed by preys in order to neutralize the effect of
sun light and conceal their shapes from predators. Exper-
iments showed that human visual perception system has
the ability to extract both light source direction and shape
of the objects only from the gray-level image.

Shape recovery methods, which deal with obtaining
three-dimensional shape description from one or more
two-dimensional images, have long been investigated in
computer vision. Being one of these methods, Shape
From Shading (SfS) is concerned with recovering shape
description from shading in a single two-dimensional im-
age. Shading can be defined as the spatial variations of
brightness in an image.

It is important that SfS research follow Marr’s approach
which regards vision asa complex information processing
system. The fact that human visual perception can extract
shape information from shading constitutes thecompu-
tational theoryof this information processing task, and
deals aboutwhat is computed?andwhy?. From an ab-
stract point of view, vision is a problem concerning with
mapping one kind of information (2D image) to another
(3D scene description). The second level, or the so-called
representational and algorithmic levelis concerned with
the specific approach and the representations used. Fi-
nally, the hardware implementationlevel deals with the
physical realization of the algorithm and the representa-
tion(s).

Accounting the fact that solely shape from shading, in
almost all the cases, is not adequate to extract shape infor-
mation and human perception of SfS interacts with other
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Figure 1: Human visual system has the ability to extract
shape information only from the variation in brightness.
Furthermore, it is possible to approximately estimate the
direction of light source

visual processes such as perceptual grouping and motion
perception[5], the independent study of SfS supports the
modular view of the information processing system. This
supports Marr’s view of subdividing vision problem into
smaller problems with which it is easy to tackle with.

In Section 2, different methods in literature are de-
scribed briefly for the extraction of shape using varia-
tions in the brightness. In this study, a solution which
is based on minimization of a functional, is proposed for
shape from shading problem. Since the functional is non-
linear and there exists infinite number of solutions, some
constraints are inserted into the variational formulation of
the problem. After a deterministic energy minimization
scheme is given, since solution tends to be stuck in local
minima, a stochastic approach is proposed. The slowness
of the stochastic methods leads us to consider hybrid solu-
tions where images are processed in different resolutions.
Details of the shape from shading problem and proposed
method of our project can be found in Section 3.

2 Literature Work

SfS problem was first formulated by B.K.P. Horn in his
doctoral thesis in 1970. Part of his thesis appeared in
the Psychology of Computer Visionin 1975, where SfS
was explained as a process for recovering the shape of an
object from a single two-dimensional image using pho-

tometric cues like the amount of light reflected from the
object. In his original work, image brightness was mod-
eled as a function of surface geometry. His statement of
the problem was highly underconstrainted, as no assump-
tions were made about the projection model and the loca-
tion of either the light source, or the viewer. Expectedly,
this resulted in a complex mathematical analysis which
was prone to numerical instability.

In the introduction part of his book([10]), Horn men-
tions that the earliest work on the quantitive use of shad-
ing appears to have been used in the mid-1960s by Rus-
sian scientists for recovering the shape of parts of the lu-
nar surface. They discovered that the brightness of the
surface of the moon was a function of the ratio of the co-
sine of the incident angle to the cosine of the emittance
angle.

Since Horn’s formulation of the problem, many differ-
ent techniques have been proposed for the solution of the
SfS problem. As suggested in a survey ([11]) on SfS tech-
niques, they can be grouped as the following:

• Global approaches

– Global minimization approaches

– Global propagation approaches

• Local approaches

Global minimization approaches obtain the solution by
minimizing an energy function, whereas global propaga-
tion approaches obtain the solution by propagating the
shape information from known surface points such as sin-
gular points. Local approaches derive shape information
only from the intensities of the surface points in a small
neighborhood.

There are two different approaches to minimize the
functional created by relaxation techniques. In his orig-
inal work [8], Horn produced Euler equations for each
unknown in the functional. Instead, Szeliski [3] directly
minimized the discrete formulation of the functional and
obtained good results. The drawbacks of the first method
and details of the second will be given in Section 3.
Although Szeliski obtained a good convergence rate us-
ing conjugent gradient descent method, since the solution
contains multiple deep local minima, in [1] an alternative
stochastic approach is employed using simulated anneal-
ing. Extreme slowness of this method leads to the for-
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mulation of a hybrid approach which combines efficiency
and accuracy in a multiresolutional framework.

Integrability and smoothness constraints, which will be
described in detail in the next section, are the most used
constraints in literature. In [6], a constraint which im-
poses the equality of image intensity gradient and solution
surface gradients is successfully applied. They used inte-
grability constraint additionally to enhance the validity of
the surface.

3 Shape from Shading Problem and
Proposed Method

As mentioned in Section 1, shape from shading is a classi-
cal problem of computer vision where various approaches
include many unknowns and non-linearity for the solu-
tion. This leads to the necessity of making a number of as-
sumptions and dealing with unrealistic/human-made situ-
ations.

Smoothly curved monochrome objects with homoge-
neous reflecting characteristics exhibit a variance in im-
age radiance when shaded with one or more light sources.
This variance depends on the interaction of a number of
factors, namely

1. illumination of the object,

2. shape of the surface(s),

3. reflecting properties of the material,

4. and projection of the image.

SfS solutions depend on the strong argument which
states thatthere is a unique image intensity value for a
given surface orientationas formulated by Horn [2]. This
argument requires some assumptions for interacting fac-
tors which determines the irradiance of the image. First
of all, object should be homogeneous that is reflectance
properties should not vary along surface. Although there
are studies [7] for perspective projection case, which is a
more realistic one, image is assumed to be formed in or-
thographic projection for simplicity. The last crucial and
widely employed assumption is the position of viewer and
light source, they are both thought to locate very distant

with respect to the object, so light rays approach in paral-
lel and the angle between incident ray and viewer will be
constant for all points on the surface2.

Considering the discussion above, we can conclude that
surface orientation and light source direction information
will be sufficient to determine the image radiance.Re-
flectance map (function)is the means of specifying the
radiance of a surface patch as a function of orientation
[8]. Reflectance function therefore decodes information
of light intensity and distribution, and reflectance charac-
teristics of the surface. In the context of this study, light
is restricted to be emitted from a far away point source
with a known direction. Thus, reflectance function serves
as a mapping from surface orientation to image bright-
ness. Formally, for a given imageE, theimage irradiance
equationis,

E(x, y) = R(zx(x, y), zy(x, y))

whereR is the reflectance function and problem is re-
garded as that of recovering of a smooth surface,z, and
equation should be satisfied over the reconstruction do-
mainΩ. zx andzy denotes the first partial derivatives of
z with respect tox andy respectively. In [9], details of
reflectance map calculation for various surfaces in differ-
ent illumination conditions is given. From now on, short
hand notationp = ∂z/∂x andq = ∂z/∂y will be used
for first partial derivatives.

Figure 2: The reflectance map is a plot of brightness as a
function of surface orientation. This plot corresponds to a
Lambertian surface under point-source illumination.

2Due to the shape of the object(s), a small amount of the incident
light may be emitted from other objects. The situations where mutual-
illumination should take careful attention.
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In Figure 2 a plot of the reflectance map which corre-
sponds to a ball withLambertian surface3 properties is
demonstrated.p−q space is calledgradient spaceand re-
flectance map may be defined on this space. The contours
in this case turn out to be nested conic sections and each
contour shows constant brightness values for(p, q) pairs.

Note that gradient space serves only as arepresentation
to be processed in the shape exploration process. Marr’s
[12] view of vision asa process of mapping from one rep-
resentation to anotheris applied in this problem. Rep-
resentations of inputs or outputs or any data to be cre-
ated or consumed during theinformation processing task
are determined according to their performance during this
process. There are different factors which affect perfor-
mance such as suitability, efficiency, simplicity, time and
space complexity. Gradient space is represented by an in-
finite plane onto which upper hemisphere of the Gaussian
sphere4 is projected from its center (Figure 3(a)). Instead
of projecting only upper hemisphere, whole sphere can be
projected onto the plane (stereographic plane) from south
pole of the Gaussian sphere (Figure 3(b). For points on
occluding boundary,p andq values are infinite in gradient
space, so it is very difficult to deal with occluding bound-
aries in this representation. However, occluding bound-
aries as well as light sources at the back of the surfaces
can be dealt with when stereographic projection is used.
Orthographic projection is taken is Smith’s work instead
of taking perspective projection [8].

There are various shape from shading techniques to ex-
tract surface orientation, or more specifically(p, q) points
over the domainΩ. As mentioned in Section 1, we will
use an energy minimizing approach. For this purpose, an
appropriate functional should be employed for eachp and
q such that constructed surface fromp andq should pro-
duce the image when illuminated in same way as the ac-
tual one. Thus, the integral of the error between actual
image intensity and constructed one is tried to be mini-
mized,

F1(p, q) =
∫∫

(x,y)∈Ω

(E(x, y)−R(p, q))2dxdy

The equation above is not sufficient to derive the un-
knowns (there would be infinite number of solutions)

3A Lambertian surface is an ideal surface, which reflects all of the
incoming light in all directions.

4points on the Gaussian sphere specify directions in the space

since for each(p, q), only one intensity value is known.
Figure 2 illustrates that an intensity value corresponds
to a set of(p, q) pairs (which lie on the corresponding
contour). Therefore, additional constraints should be im-
posed in order to reach a unique solution. Different con-
straints are proposed in literature as mentioned in Sec-
tion 2. Two of the most employed constraints aregra-
dient smoothnessandintegrability constraints which pro-
vide stabilization of the iterative shape from shading and
ensuring validity of the gradient field surface, respec-
tively [3]. However we decided to useintensity gradi-
ent constraint[6], which forces constructed surface to be
as smooth as actual surface and establish an additional
connection between image intensity and gradient values.
During experiments, if error reduction procedure is un-
successful, we plan to insert additional constraints. There-
fore, new functional will take the form,

F (p, q) =
∫∫

(x,y)∈Ω

(E(x, y)−R(p, q))2 (1)

+ (Rp(p, q)px + Rq(p, q)qx − Ex(x, y))2

+ (Rp(p, q)py + Rq(p, q)qy − Ey(x, y))2dxdy

There are two main alternatives to minimize this func-
tional, we can directly minimize the discrete form of the
functional, or produce Euler equation for each unknown
in discrete form [1]. Although Calculus of Variations is
employed to solve this problem in general, in this study
direct energy minimizationwill be used for the reasons
that [1] listed:

1. All local minima and maxima conditions are solu-
tions of Euler equations.

2. When equations are non-linear, and to be solved it-
eratively, there exists no proof of convergence.

3. Whendirect energy minimizationis employed, no
a priori knowledge on the boundary ofΩ is neces-
sary. If Euler equations are used, to make the prob-
lem well-posed, boundary conditions are necessary.

In the first part of this study, in order to minimize the
energy function defined by Equation 1, we will apply the
deterministic method which is described in [1]. In each
iteration stepk, (pk, qk) pairs on the domainΩ will be
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(a) gnomic projection (b) stereographic projection

Figure 3: Different projections of the points on Gaussian sphere onto planes. (a) represents gradient space where
only upper hemisphere of the sphere is projected. In order to deal with occluding boundary of an object stereographic
projection can be used (b), where whole sphere is projected from South Pole.

modified according to the gradient ofεk. In this project, a
deterministic optimization method, classical optimal gra-
dient descent will be used.

The main drawback of the relaxation methods for SfS
problem is the convergence problem. Either by directly
minimizing the energy function or by producing Euler
equations, solution of the problem may be stuck in local
extrema. Figure 4 demonstrates this fact, in which differ-
ent initial configurations lead to different solutions. While
solution in Figure 4(b) is very similar to original surface,
Figure 4(c) seems to be stuck in local minima.

In order to escape from local minima, we will employ
stochastic optimization techniques. In [1], simulated an-
nealing is successfully applied to SfS problem. However,
in this stage of the work, we haven’t decided yet represen-
tation of the energy minimization problem in the stochas-
tic framework, and which method to be used. The alter-
natives are simulated annealing and genetic algorithms.

As noted in [1], application of stochastic methods in
SfS problem leads to a very slow convergence rate dur-
ing the iteration phase. Thus, we plan to combine the ef-
ficiency of the deterministic algorithm with accuracy of
the stochastic method. Referring to thegraceful degra-
dation principlefrom [12], resolution of the image will

be tuned in order to speed up the slower method. There-
fore, stochastic methods will be applied for an image in
coarser level of the resolution axis in the first stage. After
escaping from local minima, and obtaining an approxi-
mate surface of the object, this surface will be used as
the starting configuration of the deterministic energy min-
imization method in higher resolutions.

4 Discussion

In this proposal SfS is discussed in detail and various ap-
proaches to solve the problem is given in Section 2. The
problem is addressed as an energy minimization process
whose functional is composed of well-known brigtness
constraint and intensity gradient constraint. The reason
of the usage of intensity gradient is its ability to force the
solution surface as smooth as the actual surface and to
establish an additional connection between image inten-
sity and constructed surface radient values. Since deter-
ministic methods cannot avoid local minima, an alterna-
tive stochastic approach will be used. Both methods will
be combined in a multiresolutional framework in order to
couple the efficiency and accuracy properties.
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(a) original surface (b) global minimum (c) local minima

Figure 4: Solutions of the deterministic optimization methods may be stuck in local extremes. (b) and (c) are the
solutions for the same object given in (a). Although they are computed using same algorithm, they differ since
iterations start from different initial configurations.
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